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Abstract. Let X be a projective algebraic manifold and let CH'"(X) be the Chow group of algebraic cycles of 
codimension r on X, modulo rational equivalence. Working with a candidate Bloch-Beilinson filtration {i^''}i/>o 
on CH''(X) (XiQ due to the second author, we construct a space of arithmetic Hodge theoretic invariants V J'''''(X) 
and corresponding map c/)^" : GrpCW{X) iJSQ — > J^''^ (X), and determine conditions on X for which the kernel 
and image of </>'^'' are "uncountably large" . 
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§0. Introduction 

Let A be a projective smooth variety over C and let CII''(A) be the Chow group of algebraic cycles of 
codimension r on A modulo rational equivalence. A fundamental problem is to search for a reasonable set 
of invariants (e.g. Hodge theoretic) that provides us with a good understanding of the structure of CH^(A). 
The first significant step towards this problem was taken by Griffiths (1969) who defined Abel-Jacobi maps 

Pi : CHL,„(A) -> r{X) 

where C}i'^^^{X) = ker{CH''(A) H^^{X, Z)} is the subgroup of those cycle classes that are homologically 
equivalent to zero, and where J'^{X) is the r-th intermediate Jacobian of X in the sense of Griffiths [Gri]. 
If the Griffiths Abel-Jacobi map were an isomorphism, then there would not be much to explore in the 
world of algebraic cycles. That the map is not surjective follows from the work of Griffiths (op. cit.), using 



1991 Mathematics Subject Classification. 14C25, 14C30. 

Key words and phrases. Mumford-Griffiths invariant, algebraic cycle, Bloch-Beilinson filtration. Chow group. 
^ Partially supported by a grant from the Natural Sciences and Engineering Research Council of Canada. 



Typeset by AmS-TW 



2 



J. D. LEWIS & S. SAITO 



Hodge theory and monodromy arguments; that the kernel is far from injective in general is a consequence 
of Mumford's seminal work [Mu]. 

An important observation is the following natural isomorphism discovered by Carlson [Ca] , 

where MHS denotes the category of graded polarizable Q-mixed Hodge structures introduced by Deligne 
[Del]. This implies that an clement of Clil^^^{X) / 'kcT{p^j^) is detected by an extension in MHS. One 
may then have a naive expectation that there may be a secondary cycle class map from ker(p5c) to higher 
extension groups Ext^jjg, which fails due to the fact that Ext^jjg = for p > 2 ([Bei] (Cor. 1.10)). (Note 
that Ext^jjg = for p > 2 also follows from the fact that ExtJ;[jjg(A, — ) is exact, using Carlson's explicit 
description of Ext^jjg ([Ca]. See also [Asl] 2.5.) It was A. Beilinson who had an innovative idea to remedy 
the situation. He postulated the existence of a category (called the category of mixed motives) whose higher 
extension groups capture all elements of Chow groups. A more precise formulation is the following conjecture. 
In this paper we only consider Chow groups with rational coefficients: 

CH''(A;Q) = CH'-(A)«)Q. 

Conjecture 0.1. For every projective smooth variety X over C, there exists a canonical and functorial 
filtration (called the Bloch-Beilinson filtration) 

Cir{X;Q) = F'^Cir{X;q) D F^Cir{X;q) D F'^Cir{X;q) D ••• 

such that the following formula holds for each integer u >{]: 

F''Cir{X-q)lF''+^CIf{X;Q)^ExfMM{^,h^"~"{X){r)). 

HereMM. denotes the (still conjectural) category of mixed motives overC which contains as a full subcategory 
Grothendieck's category M of (pure) motives over C, h*{X){r) € M. denotes the cohomological object with 
Tate twist associated to X and 1 = h°{Spec{C)). 

In [Ja] and [Sa2] it is proven that the Bloch-Bcilinson filtration is unique if it exists under the assumption 
of Grothendieck's standard conjectures. Several candidates for the Bloch-Beilinson filtration have been 
proposed. Prom these we adopt the filtration 

F^CB^X; Q) C CH'-(X; Q) (iv > 0) 

defined in [Sa2], Def.(l-3). We recall the definition of this filtration in §2. 

The main results of this paper can be explained as follows. We introduce the spaces VJ'^''^{X) of Mumford- 
Griffiths invariants in §3, which are defined in terms of arithmetic de Rham cohomology. It is given by the 
cohomology of the complex 

n-^^-^ ® F^-'^+'Hl^-'^iX/C) ^ fl^/Q « F^-^H'^^^-^iX/C) ^ f}^;^ ii72-'^(X/C), 

where H^j^{X/C) is the de Rham cohomology of X/C with the Hodge filtration F^H'^^^X/C) and V is the 
arithmetic Gauss-Manin connection. Then there is a cycle map (Proposition 3.7) 

fx" ■■ Gr'^p^CW{X;q) ^ V^'^iX). 

By "forgetting" the Hodge filtration, we also have a map 

fA%R ■■ Gr^«CH'-(X;Q) ^ VDR^'''{X), 

where VDR'^''^{X) is the coarser space of de Rham invariants given by the cohomology of the complex 

The first main result affirms that under various assumptions on X, the image of 4>^xdr ^ large, where "large" 
has a similar meaning to that in the following theorem of Mumford [Mu]: 
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Theorem. Let X be a projective smooth surface overC Let Aq{X) C CHo{X;Q) denote the subgroup of the 
classes of zero- cycles of degree zero. Assume O^^j,) 7^ 0. Then At){X) is infinite dimensional, viz., 

it is impossible to find Yi, . . . , Yj^, proper smooth connected curves with a morphism f : Y := Y[^=i Yi ^ X 
such that /* : Ao{Y) — > Ao{X) is surjective. 

We will give the following refinement of the above result: 

Theorem 0.2. Let X be a projective smooth variety of dimension d over C and consider 

/x^DR ■■ F^CHoiX;Q) ^ VDR'^'^iX). 

Assume thai there exists a dominant rational map tt : X X such that the hard Lefschetz conjecture B{X) 
for X holds (see Notation (v)). Assume further that H^{X,fl'^^^) ^ for an integer u > 2. Then it is 
impossible to find {/, : li — > a countable set of morphisms of proper smooth varieties over C such 

that dim(yi) <u — 1 and 



F-^CHo{X;Q) C Image] 0^(1^) ^ ^o(^) [ + ker(0^;^^^) 



where /* is induced by fi for i G 



We recall that for a smooth projective variety W, B{W) is known to hold if W is obtained under successive 
operations of products and hypersurface sections starting from curves, surfaces, Abelian varieties, smooth 

complete intersections. 

Our next result is an analogue of Theorem 0.2 for algebraic equivalence on a hypersurface. By a general 
hypersurface X of dimension d and of degree m, we mean a hypersurface corresponding to a point in a 
certain nonempty Zariski open subset of the universal family of hypersurfaces of degree m in P'^+i . 

Theorem 0.3. Let X c P'*+^ be a smooth hypersurface of degree m > 3 over C. Put 

'd+l 



k 



m 

and assume k>l, v >2, and the numerical condition: 



and r = d — k, v = 2r — d = d — 2k 



k{d+2-k) + l-['^^^\ >0. 



Consider 

^X.DR. 



k 



■ F^CH"{X-Q)^VDR''^''{X). 



Assume that X is general. Then it is impossible to find {fi : Yi —^ XjjgN, a countable set of morphisms 
of proper smooth varieties over C such that diiii{Yi) < k + v — 1 and 

A^iX) c lmage|0^fe(y,) A^iX)} +kev{f£j,^), 

where /* is induced by fi for i G N. Here A^[X) c CH^^^{X;<i^) denotes the subgroup of the cycle classes 
algebraically equivalent to zero. 

Remarks O.3.I . (1) We wiU see in Proposition 2.7 that CH;;„^(X;Q) i^^CH''(X;Q) = F^GW{X]<^) in 
Theorem 0.3. 
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(2) The hypersurfaces in question in Theorem 0.3, albeit very interesting geometrically, are of a low degree. 
In particular, since A; > 1 it follows that H°{X,il'^^^) = 0. 

For the proof of the above results, we will introduce an integral invariant rfc(S) for S C A^{X), called the 
rank of S modulo hdv{(^^xDR)^ which measures the "size" of the image of S fl F^GW[X;Q) under <fxDR- 
The main technical result in this direction is stated in Theorem 4.2, whose proof is based on an arithmetic 
version of Salberger's duality pairing, and the essential ideas rely on the constructions in [Sal]. By working 
with the coarser de Rham invariants, we arrive at similar statements for the Mumford-Grifhths invariants. 

With regard to ker((/)^''), \i X = Xo x^-C with Xo smooth projective over Q, we introduce arithmetic 
Hodge theoretic invariants H'^""'^ {Xoj'^) C -ff''(X, fi^^) which serve as an obstruction to countability of 
ker(0^''). We will deduce the following: 

Theorem 0.4. Let Xo fee a smooth projective variety over Q and X = Xg Xq C. Assume that the Kiinneth 
components of the diagonal class of X are algebraic. Ify>2 and if H^"''^{Xo/Q) ^ 0, then there are an 
uncountable number of classes in the kernel of (j)^^ ■ 

We will show how to construct a class of examples for which the assumptions of Theorem 0.4 are satisfied. 
The examples arise from products involving 1-motives over Q, in particular the product of smooth projective 
curves defined over Q, and an Abelian variety defined over Q. The precise statements of the main results 
appear in §7 and §8. We believe that these theorems provide the strongest results to date on the properties 
of (p^x ■ For instance. Theorem 0.2 generalizes and strengthens Theorem 4.1 in [MSa2]. We note that it was 
Asakura ([As2]) who first found an example of a nontrivial cycle with trivial Mumford-Grifiaths invariant. 

To provide the reader with a better understanding of the results of this paper, we briefly discuss the 
technique of taking a Q-spread. This technique abounds in a mmiber of works (e.g. [Gr-Gr], [Le2], [MSal-2], 
[Asl]). The basic idea of the construction is the following. Given X, smooth projective over C, we can find 
a Q-spread, namely a smooth affine variety S over Q with 

f ■■ Xs^ S, 

a projective smooth morphism of varieties over Q, with a morphism rj : Spec(C) S whose image is the 
generic point of S, such that Xs Xs Spec(C), the base change via r/, is isomorphic to X. Similarly, if 
^ e CW{X;Q) is given, then after making a base change if necessary, ^ has a lifting ^ e CW{Xs;Q). We 
then have the following variational version of (^^"^i 

■■ F^CB^{Xs/S;q)^Vr'''{Xs/S). 

We may retrieve (//"x from (j^^^s/S hase change by 77 (see §3 for the details). 

A key to the proof of Theorem 0.4 is the following construction: Put 

K'-^^iXs/S) :- homMHs(Q(0),i?''(^/C,i?2'— /,Q(^))), 

~r^'(Xs/S) := ExtUs(Q(0):^/''-'(S/C,i?2'-'^/,Q(r))), 

where S/C = S Xq C, which we identify with its underlying complex manifold, and i?*(S'/C, i?*/*Q(r)) 
denotes the cohomology of S/C with coefficients in a local system, which is endowed in a canonical way with 
a mixed Hodge structure by the theory of mixed Hodge modules ([MSal]). (Alternatively, the reader can 
consult [A] for a different point of view.) Then one defines the natural maps 



AJ^,^ : F^sCB.'iXs/S;Q)^A^'-'{Xs/S), 
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Broadly speaking, the construction is given in terms of an extension class in the category of arithmetic 
mixed Hodge modules. Wc then construct the following commutative diagram under a suitable assumption 
on Xs/S (see Proposition 6.3) 



(0.5) 



F^CW{Xs/S;q) Vr'-{Xs/S) 



K-'-{Xs/S) Wr^''{Xs/S)®^C. 



Now the cycle classes in Theorem 0.4 are constructed in ker(A^^yg) and captured by ej^/g- 

The question now is whether the map ^'^'s/s (0-^) always exists for S afhne. What we can say 
is that if one is willing to forgo the Hodge filtration by replacing the space of Mumford-Griffiths invari- 
ants J'^''^ {Xs / S) in (0.5) by the coarser space of dc Rham invariants VDK^''^ {Xs / S) (sec Definition 3.2), 
then for affine S, the diagram corresponding to (0.5) does exist, and one subsequently obtains stronger 
results for cycles with trivial de Rham invariant (Theorem 7.2). We conjecture that for affine S, the map 

Kili^s/S) Vr^^iXs/S) ®Q C always exists, where A^^^liXs/S) = Image (A^^^^^). (For a more 

precise statement, see Conjecture 6.4.) Roughly speaking, the discussion in the Appendix says that this 
conjecture is a consequence of the Hodge conjecture. If we put S = Spec(C) and let 

VJ^iX) := Image{Gr^^CH'^(X;Q) ^ Vr'''iX)} 
VDR^J^{X) := Image{Gr^^CH'^(X;Q) VDRT^'^iX)], 
then a consequence of our aforementioned conjecture is that the natural map 



(0.6) VJ:ig^(X)-VDi?^l^(X). 

is an isomorphism. Put differently, and roughly speaking, the Hodge conjecture implies that to compute the 
Mumford-Griffiths invariant of an algebraic cycle, it is sufficient to compute its de Rham invariant.^ 



We are very grateful to Matt Kerr for meticulously reading parts of a preliminary version of this paper, 
and for providing useful comments; and in particular for sharing his ideas in [Ke2]. We are also grateful to 
V. Srinivas for pointing out his earlier work in [Sr]. Indeed the ideas presented in section 4 of this paper 
share with [Sr] a common methodology. Finally we want to thank the referees for impressing upon us the 
need to improve the presentation of our paper, by offering their numerous constructive comments. 



^Since the submission of this paper, M. Saito shared with us his work in [MSa4], where now the conjectural assumptions, 
including Conjecture 6.4, are eliminated. Indeed as one of the referees pointed out, our Appendix seems already to have served 
as inspiration for [MSa4], and that our discussion is still valuable. 
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§1. Notation 

(i) All fields in this paper are considered as subfields of C. For a field k, let Ck be the category of smooth 
projective varieties over k. We simply write C for Ck when fc = C. 

(ii) Unless otherwise indicated, X &Ck will denote a smooth projective variety of dimension d. (Periodically 
we will remind the reader that dimX = d.) Then CW{X) is the Chow group of codimension r algebraic 

cycles on X modulo rational equivalence, and CW{X:Q) — CW{X) (g) Q. Further, we put A'^{X) := 
CH!^[g(X;Q) C CW{X;Q) to be the subgroup of cycles algebraically equivalent to zero. 

(iii) If A C M is a subring, wc denote by A{r), {2Tr^/—iyA the corresponding Tate twist. 

(iv) For y e Cfc, we write Yc := Y Xk C It is sometimes more convenient to use the notation Y/C for Yc, 
which we also identify with its underlying complex manifold. 

(v) We fix a Weil cohomology theory for Ck- 

Ck^Vec; X ^ H*{X), 

where Vec denotes the category of finite dimensional vector spaces over a fixed field of characteristic zero. 
Typical examples are given by 

X H'{X/C, Q) (singular cohomology) and X H^^{X/k) := m'{X, O^/^,). 

There are well-known standard conjectures with Hg(X) =J> B{X) =J> C{X) (where ilg{X) means the Hodge 
conjecture for X). Let X £ Ck with d ~ dimX and let Lx € H'^{X) be a hyperplane class. Let i < d be an 
integer. With regard to the hard Lefschetz isomorphism, 

L^-' : H\X) ^ H'^^-\X), 

the hard Lefschetz conjecture B{X) asserts that the inverse 

is algebraic cycle induced. One consequence of B{X) is a weaker conjecture C{X) which asserts that the 
diagonal class [Ax] € H'^'^{X x X), has algebraic Kiinneth components: 

[Ax]- [Ax(«,j)]e H'{X)^^W{X) withAx(i,j)GCH'^(^x^;Q)- 

i+j=2d i+j=2d 

The reader can consult [Kl] for more details. 

(vi) Let / : X — > 5 be a smooth projective morphism of quasiprojective varieties over a base field k. We 
define CW{X/S; Q) to be CW{X; Q), and that will only affect how the filtration on CW{X/S; Q) in 
Definition 2.8 is defined. 
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§2. Good filtrations 

Fix a base field A; C C. Our goal is to work with a given filtration satisfying a number of good properties. 

More specifically, we require the following: 

Definition 2.1. A filtration P'OH* of Bloch-Beilinson type on Ck is given by the following data: For all 
X GCk and all r, there is a descending filtration 

Cir{X; Q) = F° D F'^ D ■■■ D F" D F''+^ D • • • 

which satisfies the following 

(i) = Cir{X-q) and F^ = CHl^^{X;Q). 

(ii) i^" is preserved under the action of correspondences: For V,XGCk and for T e CIP{V x X; Q), 

T,{F''CIf{V;Q))cF''Cir{X;Q), 
where F* : CH^{V; Q) — > Cir{X; Q) with s = r — q + dini(y) is given by the formula 

r*(a) = (7rx)*((7rv)*(a) .r) for a e CIF{V;Q), 

where ttx : V x X ^ X and Try : V x X ^ V are the projections. 

(iii) The property (ii) implies that we have the induced map 

Gr^pT, : Gr^p GIF {V ; Q) ^ Gr''pCir{X;Q). 

Then GrpT^ is the zero map if so is y^p ''' where ip^ : IF~'^^'^~'^\V) — > H^{X) with s — r — q + dim(y) is 
given by the formula 

= (7rx)*((7rv)*(/3) U [F]) for /? e W-^^^-^\V), 
with [r] e H^''{V X X), the cohomology class ofT. 

We point out the following consequences of Definition 2.1. 
Proposition 2.2. Let F' CH* be a filtration of Bloch-Beilinson type onCk- 

(i) F^GH* is preserved under push-forwards /* and pull-backs f* for a morphism f : X ^ Y inCk- 

(ii) Let X GCk with d = dini(X). Assume G{X) holds and let Ax{p,q) e GH^{X x X;Q) be as in §i (v). 
Then 



= Si^v ■ Identity. 

Gr^CH'-(X;Q) 



Ax(2(i- 2r + £,2r- 

(iii) Under the same assumption as (ii), 

F''Cir(X;Q).F^CJf (X;Q) C F''+^' Cir+\X;Q), 
where • is the intersection product. 

Proof. Parts (i) and (ii) follows immediately from the definition. Part (iii) is [Sa2], Theorem(0-2). □ 
The following conjecture is due to Bloch and Beilinson: 
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Conjecture 2.3. There exists a filtration F* CH* of Bloch-Beilinson type satisfying: 

Pi F^CITiX; Q) = for all X e Ck and all r. 

In general one can put D^{X;Q) := (l^^oF'^CW {X;Q) and work modulo "f-equivalence" . We now 
introduce a specific filtration F^CH* of Bloch-Beilinson type, which is minimal among all filtrations of 
Bloch-Beilinson type, namely it satisfies F^CH* C F'CH' for any filtration F'CH* of Bloch-Beilinson type. 

It is given in [Sa2], §1. 

Definition 2.4. For v >{) we define Fg Cir{X; Q) for all X G Ck and for all r > inductively as follows: 

(1) F°CH''{V;<Q) = CH%V;<Q) for all V eCk and for all s > 0. 

(2) Assume that we have defined Fg CH^{V; Q) for all V G Ck and for all s>0. Then we define 

F'^+^Cir{X-Q) = Yl Image(r, : Cif Q) ^ CH'{X;Q)), 
v,g,r 

where V, q, F range over the following data: 

(a) V G Ck of dimension dy, 

(b) r<q<r + dv, 

(c) r e CIP{V X X;Q) satisfying ifl"-" = 0, where fl"-" : H^'-'iV) H^'—'iX) is as in Def 2.1 (Hi). 

We have the following facts: 

Proposition 2.5. ("[Sal] §.^; Let p^^^ : CH^^^{X;Q) J'^{Xc) O Q 6e the Griffiths Abel-Jacobi map. 
Then 

F^Cir{X;Q) C kcr(p^J and F^Cir{X;Q) n A^X) = ker(p^J n A'(X). 

Proposition 2.6. ('[Sa2], Thm. (1-1)) Assum.e C{X) (cf. %1 (v)) for all X € Ck and that Conjecture 2.3 
holds. Then Fg CH* is the only filtration of Bloch-Beilinson type. 

Proposition 2.7. Let X C be a smooth complete intersection of dimension d. For integers r,!^ > 1 we 
have: 

Gr''p^Cir{X;Q) = if2r-u^d. 
Proof. By Lefschetz theory we have for < i < 2d: 

rQ-[l^] i^rf, even 
W H{X)-^ ^ i^rf, odd 

where for i = 2m, even, j : Y ^ X is the section by a general linear subspace of codimension m and 
[Y] G H'^"^{X) denotes its cohomology class. Put i = 2r — u and assume i > 1 and i ^ d. The diagonal 
Ac X X X induces 

A, : C;r^^CH'-(X; Q) ^ C;r^^CH'-(X; Q) and ^^^-^ : H^'^'iX) ^ H^'^'iX) 

and both maps are the identity. If i is odd, then v'a '^ = by (*) and hence A* = by the definition of 
the filtration F*. If i = 2m, even, then : H'^{Y) ^ H'^"'{X) tor j -.Y ^ X as in (*). Since B{X) holds 
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for smooth complete intersections, we can find F G CH'^'^ {X x Y; Q) {dy — dim(y) = d — m) such that the 
induced map : — » H^{Y) is the inverse of the above map. Consider the induced maps 

Gr-p^GW{X-q) Gr"p^CW-^{Y-q) ^ Gr^^CH'-(X; Q), 

H'^"'(X) ^ H\Y) ^ H^'^iX). 

The composite of the maps in the second row is the identity and so is that in the first row by the definition 
of the filtration F^. Noting r - m = v/2 < [Sa2] Cor.(3-2) implies Gr'^^CW-'"{Y;Q) = which needs 
the fact that B{Y) holds. This proves the desired assertion. □ 

There is a variational (or relative) version of the aforementioned filtration. The definition is completely 
analogous to that given in [Sa3], Definition (2-1). As a base we fix a localization S* of a smooth quasiprojective 
variety S over a field and let Cs be the category of / : X — > 5, smooth projective morphisms.^ For / : X — > 5 
in Cs, let ^*x/s ^^"^ '^'^ Rham complex of (Zariski) sheaves of relative differential forms of X over S. We 
define the de Rham cohomology sheaf: 

'^drW'^) := I^V*(^x/s)> 

which is the Zarisiki sheaf of Og-modules. 

There is a direct generalization of Definition 2.4 to the relative case. 

Definition 2.8. For all r,i^ > and for all X e Cs, we define Fj^Cir{X/S;Q) C Cir{X;Q) in the 
following inductive way: 

(1) F° CH'{V/S; Q) = CH'{V; Q) for all VeCs and for all s > 0. 

(2) Assume that we have defined CH^{V/S; Q) for all V G Cs and for all s > 0. Then we define 

F^+^Cir'{X/S;q) = Image(r, : CJr+'^^-«(y/5; Q) ^ Cir{X;q)), 
v,q,r 

where V, q, F range over the following data: 

(a) V G Cs of relative dimension dy, 

(b) r<q<r + dv, 

(c) F e CIPiy X X;Q) satisfying the condition Vr'^ij^^/g = 0; where 

^l,DR/s ■■ ^DR ^'■"'^ {y/S) - n\,^{X/S) {s = r-q + dv), 

is the homomorphism of Os-modules, which is given by the same formula as in Definition 2.1 (Hi), though 
using [F] € H^{S,'H'^^{V x X/S)), the cohomology class ofT in the de Rham, cohomology. 

We note the following functoriality of the above filtration: Let t : T — + be a morphism of schemes which 
are localizations of smooth quasiprojective varieties over a field. For f : X ^ S in Cs let Xt = X XsT g Ct 
be the base change via t. Then, we have t* {F^CW {X / S ; Q)) C F^CW{Xt/T;Q) under the pull-back 
r* : CW{X; Q) CW{Xt; Q). If t : T = Spec(fc) ^ S is the generic point of S, this gives the compatibility 
of absolute and relative versions of the filtrations on Chow groups in Definition 2.4 and 2.8. 



^We remind the reader that a smooth morphism is a submersion at every point. 
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§3. Arithmetic de Rham cohomology 

Many of the ideas presented here in this section are inspired by the lectures of M. Green [Gr]. Fix a base 
field fc C C. Let Sk be the category of the affine integral schemes which are localizations of smooth schemes 
over k. For example, for a finitely generated separable extension of fields K/k, Spec(if) is an object of Sk- 

3.1. Arithmetic Gauss-Manin connection. We recall the definition of the arithmetic Gauss-Manin connection. 
Take S = Spec(ii) e Sk and let / : X — > 5 be smooth projective. Let f^^s/fc i^^^P- ^x/s) ^® Zariski 

P P 

sheaf of relative differential forms of X over k (resp. S) and put f^Xs/fc ~ ^^Xs/k i^^^P- ^x/s ~ ^^x/s)- 
Note that ^Xs/k ^ complex under d. We define the de Rham cohomology groups: 

HuRi^s/k) —M^Xzarj^'xs/k) = H''{Szar,'^f*^*Xs/k)^ 
Hdr{^/^) ■=^\^ZarMx/s) = H\Szar,^f*^x/s)- 



Put 

Then: 
Moreover: 



^^"^^Xs/k — ^R/k ^X/S ! 



Filt^O^^/, Filt^O^^/, Filt^O^^/, 



\l II k 

/fe 



'X/S 

Taking hypercohomology, we get a natural connecting map: 

V := Vxs/k ■■ HhniX/S) ^ Q],/, ® H^^iX/S), 
called the arithmetic Gauss-Manin connection. By imposing Leibniz' rule, viz., 

O e) = cL; e + Ve, 

one extends V to: 

It satisfies the following properties, which are consequences of the fact that V is identified with di of the 
spectral sequences (3.1.1) and (3.1.2) below by [KO]. 

(i) = (viz., flat connection), 

(ii) (Griffiths transversality) 

vi^F'^Hi^iX/S)^ C FP-'Hi^{X/S), 
where FpH^^{X/S) := e*(n^^^) c H*(n^/g) is the usual Hodge filtration. 
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Note that ^Xs/k ^ filtered complex using Filt™. The corresponding spectral sequence is: 

(3.1.1) Ef" = n^^/, ® KniX/S) ^ K-'^^Xs/k), 

with di = Vxs/fe ([KO])- This is really the Leray spectral sequence, which by Deligne ([De3]), is known to 
degenerate £2- Likewise, the analogous Leray spectral sequence 

(3.1.2) = fi^/, ® F^-^Hi,^{x/s) => m'^^in'^^;^,) 

degenerates at £^2- We denote the corresponding Leray filtrations by: 

(3.1.3) F^M'{n'xs/k) c ^'{^'xs/k), FL^'i^'IJ/k) c H-(n^f/,). 

Definition 3.2. (i) We put Vr^^iX/S) = Gr^^H2'-(n^^'"/^), called the space of Mumford- Griffiths invari- 
ants of X/S. It is given by the cohomology of: 

^7/1 ® F^-^+'Hl^^'^iX/S) ^ F^-^H^^^^X/S) ^ Q'^+l ® F^-^-'H^'^^'^{X/S). 

(ii) We put \/DR^''^{X/S) = Grp^M.'^^{Q^^^i,), called the space of de Rham invariants. R is given by the 
cohomology of: 

(iii) In case S = Spec{C) we simply write V^'^iX) = VJ^^'-^iX/S) and VDK''''{X) = VDR^'^iX/S). 
Note that there is a natural map VJ'^''^{X/S) — > WDR^'"{X/S), where one forgets the Hodge filtration. 

8.3. Arithmetic cycle class map. Let f : X ^ S = Spec(i?) be as before. Let 

f^^X = 0^ O • • • 0^/{ti Igi ■ ■ ■ Igi Ti Igl ■ ■ ■ Igl Tj Igl ■ ■ ■ Igl Tr \ Ti + Tj = 1, i j), 

be the Milnor ii'-sheaf of X, and put 

^5,= Image(^/C5,^i^f(MX))). 

where k{X) is the function field of X. By the results of Gabber (or Miiller-Stach, Elbaz- Vincent, see [E-M]) 

CW{X) :^ ir2,,(x,£5,) = (£5, ^ ^ ^ • • • ). 

By torsion considerations (Suslin), the natural map — > ^'^J/i.['r] given by 

{fi,... ,fr}^ f\dlogfj, fjeO^, 

j 

factors through a morphism of complexes 
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{jC^^x ^^'^ ^Xs/k degree 0) and hence determines a morphism 

(3.3.1) c^xs/k ■■ CH'-(X;Q)-tf'-(n^f/J, 

called the arithmetic cycle class map. The same construction also appears in [Gr], based on the discussion 
on p. 68 in [E-P] and Theorem 5 in [So]. (The reader can also consult the treatment by El-Zein [EZ].) We 
will also use 

(3.3.2) c^Xs/k,DH ■■ CW{X;q)^U'^{n-^^/,), 

which is the composite of Cxs/k ^^'^ '^^'^(^As/fe) ~^ ^^'^(^Xs/fe)' natural map. These maps satisfy 
functoriality with respect to a base change tt : S" — > 5 in <Sfc, namely we have the commutative diagrams 

{x' = xxssy. 

CWiX;Q) ^^''i^'Ij/k) CW{X;q) ^^''i^Xs/k) 

(3-4) Itt* iTT* Itt* In* 

CH'-(X';Q) H2-(Q^|y/J, CH'-(X';Q) W^iQ'^.^j^), 



Definition 3.5. We introduce filtrations of Leray type on Cir{X/S) as follows: 

F;/,Cir{X/S) = ic^Xs/k)-'{FL^''{^]f;/k))^ 
F^^,^Cir{X/S) = {c''xs/KDR)-\n^^''{^'xs/k))- 

By definition we have F:;j^j^CW{X/S) C F^^j^CW{X/S). 
Lemma 3.6. Let w : S' ^ S be a morphism in Sk and put X' = X Xs S' . We have 

7r*{F;/,cir{x/s)) c F;/,cir{x'/s'), 7r*{F^^^,cir{x/s)) c F^^/,cir{x'/s'). 

If IT is finite etale, then 

n4F;/,cir{x'/s')) c F;^,cir{x/s), n4F^^^,cir{x'/s')) c F^^/,cir{x/s). 

Proof. This follows from the corresponding functoriality for (3.1.1) and (3.1.2). □ 

Now recall {F^CW{X/S; Q)}^>o as introduced earlier in Definition 2.4 of §2. 
Proposition 3.7. For all > 0, F^Cir{X/S;Q) C F^^^Cir{X/S). Hence there exists a natural map 

cpY/s ■■ F^Cir{X/S;Q) ^ vr'-'ix/s) 

satisfying <fx/s^^B^^ Cir{X/S; Q)) = 0. It is functorial for morphisms Y ^ X of projective smooth schemes 
over S, also for base change S" — > 5. 
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Proof. This is shown by the same argument as [Sa3], Prop. (2-1): Let T G CH*(y x X;<Q) be as Definition 
2.8 (c). It induces a commutative diagram: 

CW{V;q) 

1 J, r^jc 

where the vertical maps respect on Chow groups and F£ introduced in (3.1.3). The induced map 

is then identified with the map induced by F* : H'^^^iV/S) — > H'^^^{X/S) via the identification of the 
above spaces with the cohomology of the complex in Definition 3.2 (i). The proposition follows by the 

induction on u. □ 

We let 

(3.7.1) <t>7/s,DR ■■ F^CW{X/S; Q) ^ VDR-'^{X/S), 

denote the composite of 0^/5 ^^'^ WJ^'''{X/S) VDR'^''^{X/S), the natural map. 
In the case S = Spec(C) and X e C we get the maps 

(3.7.2) := <PY/c ■■ FBCii''{X;Q) yr^^{X). 

(3.7.3) 4>Xj,j, := f^)^ : F^CR^{X;Q) ^ VDR^^-^{X). 

Remark 3.8 . li X G C and v = 1, (j)^^ is related to the Griffiths Abcl-.Jacobi map px ^ follows. It is the 
Griffiths construction of infinitesimal invariant of normal functions. We recall 

r{X) = H^^-\X,n,C)/{F'H^'-\X,n,<C) + H^'-\X,n,nr)))- 

We have the comparison isomorphism iJ*(Xo„,C) ~ H'^^{X/C) preserving the Hodge filtrations and the 
arithmetic Gauss-Manin connection V annihilates the image of the subspace if^(Xa„, Q(r)) C H'^{Xan,C) 
for every r. Hence V induces 

T:rix)^vr'\x), 

and one can check that = to p'^. 
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§4. Capturing nontrivial classes via cf-^ 

Let T denote the set of the subfields Q C fc C C whose transcendental degree over Q is at most countable 
(bear in mind that C has uncountable transcendence degree over Q). We want to prove infinite dimensionality 
statements about the image of (j)'^ (from (3.7.2)) under certain conditions on X. In this section, we will 
actually prove infinite dimensionality results for the de Rham invariants, which immediately imply the same 
for the Mumford- Griffiths invariants. 

First, we need to introduce some integral invariants. We pick a base field k G J^. 

Definition 4.1. Let X G C be a projective smooth variety of dimension d over C. Fix an integer v > 1, E 
a subset of A'^{X) (cf. %1 (ii)). We define ''^DR/feC") to be the least of the integers /j, for which the following 
holds: There exists {fi : Yoi XkC ^ X}i^^, a countable set of morphisms in C with Ygi G Ck such that 
dim Yoi < d — r + fx for all i and 

E c Image|0CTd_,(yO ^ CH^{X)\ + F^+]^Cir{X/C), 

where is induced by fi for i G N, F^^J^ C/r(X/C) is as in Definition 3.5 with S = Spec{C), and 
Yi =Yoi Xfc C. We also define 

rfc[;l(S)=min{rfc(;j^/,(S) |fcG J-}. 
Note that fk^^^^i-i") — '''^BR/k' k,k' G T and k C k' , and that 

0<rk^^l{E)<rk^^l.,{E)<r. 



Our main result is the following: 
Theorem 4.2. Let W,X gC with dimX = d and T G Cir{W x X) be given. Write 

rfc[rl(r) ■.= rkl;l{r4Ao{w))), 

where : Ao{W) A'^{X) is induced by F. Then we have the implication 

rk^j^liT) <v-l^ Image(<pn C F^HI^^{W/Cl 

with (pf : -ffpj^ '"■'^'^(X/C) H^Y^{W/C) as in Def. 2.1 (Hi), and where F* is the Hodge filtration. 

The proof of this theorem proceeds in the same way as [Sal], §7 and §8. It hinges on the following key 
lemma, which is an arithmetic counterpart of [Sal], Theorem 7.1: 

Lemma 4.3. Let W,X G Ck, F G Cir{W x X) be given with d = dimX. Introduce m = d — r in Definition 
4-.1. Let 7] be the generic point of W and put K = k{r]) and Xk = X XkK. Assume given a k-rational point 
a G W and put 

^ — T • {rj X X) - T • {a X X) G Cir{XK). 

where • denotes the intersection product. Suppose that there exists {/» : 1^ — > XjjgN, a countable set of 
morphisms in Ck such that dim Yi < m + u — 1 for all i and 

e e lmage{^CH^iY,K;Q) ^ Cir{XK,^)) + F^+)^Cir {Xk / K), {Y,k = Y, Xk K) 
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where is induced by fi for i gN and F^^^j^CIT {Xk / K) is defined as in Definition 3.5 for S = Spec{K). 
Then we have 

Imagei^f ) c F^H^^iW/k), 
where ip'^ : H^^^~'''>^'' (X/k) H^j^{W/k) is as m Def 2.1 (m). 

Proof. The idea of the proof originates from Salberger's duality interpretation of Mumford's theorem (cf. 
[Bl] §1 Appendix): Writing for K = k{ri) and defining 

Hl^{K/k) = lim Hl^{U), 

U<ZW 

with U ranging over all nonempty Zariski open subsets of W, put 



ker{H^^{W/k)^H^^{K/k))- 
The idea is to use a pairing defined for any X G Ck- 

which satisfies the following properties: 

(i) Let ^ G CW{Xk; Q) be as in Lemma 4.3. Then 

{^^I3)w,x = for any /? e Hl^+^{X/k) => Image(v^n C F'H^^{W/k). 

(ii) ( , annihilates F^^^^^^CW (Xj^ / K) placed on the left-hand side. 

(iii) If / : y — > X is a morphism in Ck, there is a commutative diagram 

( , )'^]y : CW{Yk) ® H^uT^iY/k) - ^-^.^iW) 

If* T /* II 

( , : CW{Xk) ® Hl^+^X/k) - ^^^^{W) 

(iv) Recall m — d — r. Then ( , )\^^y '^^ trivial if dim(y) < m + z/ — 1. 

Lemma 4.3 follows immediately from this. To construct the pairing, we note the decomposition 

(4.3.1) M'\XK,i^''x.^K)/k)= H^niK/k)®KHl,^{XK/K)= H^^{K/k) <»k Hl^{X/k), 

p-\-q—2r p-\-q—2r 

which is a consequence of the degeneration at Ei of the Leray spectral sequence 

= ^\ik ®K HIk{XkIK) W+'i{XK,n'^,^Kyk) 

following from the product structure W x X over k, and de Rham base change (alternatively, one may apply 
the Kiinneth formula to ^XK(K)/k — ^K/k ®fe ^ Y/f where the differential d on the left hand side is induced 
by dx/k <8) 1 + (— 1)*(1 (8) dx/k) on the right hand side). Thus from the product structure W x X over k, we 
have the Leray filtration 

Fim^^{XK, ^x^^K)/k) = KniK/k) ^k H^niX/k). 
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Then by composing c^xK{K)/k dr ^^'^ -^i^ '^"^ 3.3.2 with the projection 

and by using the natural pairing 

^2(.-.)+.(^/^) ® H^^^X/k) ^ HM,{X/k) ^ k, 

we arrive at ( , )wx- ^he above properties are now verified by the same argument as that in [Sal] §7. □ 

Proof of Theorem 4-2. Let W,X,T be as in 4.2 and assume rk^Y)R(X) < ^ 1- Since the assertion docs not 
specify a ground field, we may select fc G so that X is defined over k and the following further conditions 
hold: 

(a) There exists Xq, Wq € Ck and T e CW{Wo x Xo, Q) which give rise to W, X, T in 4.2 respectively by the 

base change via fc ^ C. 

(b) Wo has a fc-rational point a. 

(c) There exists {fi : Yoi Xo}ien, a countable set of morphisms in Ck such that dim < m + u — 1 for 
all i and 

r^AoiW)) C S 't' Imagc|0CH„(yi; Q) ^ CB^X, Q)| + F^+]^CB^X/C). {Yi =YoiXk C) 

Let ?7 € Wo be the generic point and put K = k{rj) and 

^ := r . (r/ X Xo) - r . (a X Xo) e CH"(Xox; Q). 
Theorem 4.2 follows from Lemma 4.3 if we show: 

(*) C e Imagc|0CH„(ro»K; Q) — CH'^(^oK, Q)| + F^+]^CW{Xok/K). {Yo.,k = Yo^Xk K) 

Take an embedding <. : C of fc-algebras, which is possible by the assumption k £ J^, and let € 

CW{X; Q) be obtained from ^ by the base change. By definition € r*(Ao(VF)) and hence € ^ by (c). 
To deduce (*) from this, we consider the commutative diagram 

©CH„(y,;Q) ^ ^^+"cfg/c) 

It suffices to show the injectivity of the induced map cokei{fK*) coker(/c*). This is shown by the same 
argument as [Sal], Lemma (2.9), which we recall for convenience of the readers. Let Sk be as in §3. For 
S" € «Sfc we put 

Is, CR„i{X os', 



A5 = cokcr|0CH„(yo,5,^, PH /S^ 



It suffices to show the injectivity of the induced map g* : Ak Ag for any morphism g : S ^ Spec(iir) 
in Sk, where for notational convenience Ak means Aspcc{K)- We may assume g is of finite type, for if 
S = Spec(L) for a finite field extension L of K, then we have the functorial map : Aj, — > A^- such that 
5*5* is multiplication by the degree of L/K, which implies the desired injectivity. Here we used Lemma 3.6. 
In general, by what is just shown, we may assume that there exists a section i : Spec(i<r) —> S oi g. Then the 

composite A^^ As Ak is the identity and hence g* is injective. This completes the proof of Theorem 
4.2. □ 

Recall {FgCH''(X; Q)}i,>o as introduced earlier in Definition 2.4 of §2. Theorem 0.2 follows from the 
following: 
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Corollary 4.4. Let X G C with dimX = d. Assume that either v < 2 or that there exists a dominant 
rational morphism X ^ X such that the condition B{X) holds (cf. §i (v)). Then 

rk^^kF^B CHo{X; Q)) < - 1 ^ H^{X, Q-^^^c) = 0- 

Proof. This is an immediate consequence of Theorem 4.2 applied to the case W = X and T = Ax, together 

with the following result ([Sal], Theorem (6.2)). □ 

Theorem 4.5. Let the assumption be as in 4-4- Then there exists a morphism f : Y ^ X in C such that 
dim Y < u — 1 and 

Ao{X) c F^CHo{X;Q) + MAoiY)). 

Theorem 0.3 follows from the following result: 

Corollary 4.6. Let X c P'^+^ be a general hypersurface of degree m > 3 over C, where "general" means 

corresponding to a point in a certain nonempty Zariski open subset of the universal family of hypersurfaces 
of degree m in P''"'"^. Let k = [^^] (greatest integer) and r = d — k and v = d — 2k, and assume that the 
following numerical condition holds: 

k{d + 2-k) + l-{^^^^ >0. 

Then rk^j^liA"" {X)) = v (Note that A' {X) C F^CIT'{X) by Proposition 2.7). 

Proof. Let Qxik) be the moduli space of the linear subspaces of dimension k contained in X. Then there 
exists a smooth projective subvariety W C Gx{k), of dimension such that the induced cylinder map 

[r], : H'^-^''{W,C) ^ H'^{X,C), 

is surjective, where F S CW{WxX) is the incidence correspondence ([Le3]). The numerical condition implies 
H^iX.^f^l'^) ^ (see [Lcl]) so that Imagc([r],) F''+^H'^{X,C). It implies Image([r]*) (t F^H''{W,C), 
where [F]* : H'^{X,C) H''(W,C) is the dual of [F]* ([Sal], Cor.(8.4)). It follows from Theorem 4.2 that 
rk^^l{T) = V. In fact, it is also the case that r*(^o(W^)) = A'-{X) ([Le3]), thus rk^\{A^{X)) =v. □ 

Remark 4.7 . The assumption of X being general in Corollary 4.6 is needed in [Le3] to arrive at results on 
the level of Chow groups, in particular our above assertion r*(Ao(W)) = A^{X). For instance, we need 
(among other things), the nonsingularity and predicted dimension of the Fano variety of fc-planes on X. 
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§5. Cycle classes in higher extension groups 

In this section wc give a brief explanation of cycle classes in higher extension groups in suitable categories 
following the works of Green-Griffiths, M. Asakura and M. Saito (cf. [Gr], [Asl] and [MSa2]). It is motivated 
by Beilinson's conjectural formula in §0. Fix a base field C C as in the previous sections. 

5.1. Mumford- Griffiths invariants as higher extensions. Let i? be a localization of a smooth algebra over 
k and let c Endfe(i?) be the ring of differential operators generated as a subring by Gr = Derfc(i?, i?) 
(derivations) and R (scalars). If R has a local coordinate {x,}i<i<„ and {9i}i<i<n is the dual basis of 

{dxi}i<i<ni we have 

It is endowed with the filtration of differential order: 

n 

FpDfl= (|a| =^aO- 

|a|<p i=l 

A filtered D/j-modulc is a pair (Af, i^) consisting of a D^j-module M and an increasing filtration of finite 
i?-modules F^M C M (j? G Z) satisfying 

(1) M = Upez {FpM = p « 0), 

(2) FpDR ■ FgM C Fp+gM. 

Let MT{R) be the category of filtered Di^-modules. For an object M = (M, F) of MT{R) its Tate twist 
M(r) is defined to be (M,F(r)) with F{r)p = Fp_r- Let R{m) G MJ^{R) be the Dfl-module R endowed 
with the filtration FpR = if p < m and FpR = R\ip>m. MT{R) becomes an exact category by defining 
a complex in M.T{R) 

(Mi,Fi) ^ {M2,F2) ^ (M2,F2) 

to be exact if and only if 

Gr^^Mi ^ Gr^^M2 Gr^^Ms 

is an exact sequence of i?-modules. Thus we can consider higher extension groups in the sense of Yoneda in 
MJ^{R). 

Let f : X ^ S = Spec(i?) be a smooth projective morphism. The de Rham cohomology M = 

= H'?(Jl^/g) with the filtration FpM F-pHI,^{X/S) gives rise to an object of MT{R): 
We let 9 G Qr act on M via Ve, the covariant derivative of 9 with respect to the arithmetic Gauss- Manin 
connection 

V : HI,^{X/S) ^ n^/, ® Hl^{X/S). 

Proposition 5.2. (cf. [Gr] and [Asl], 3.2) For integers p,q > 0, Exfj^^^j^~^{R{0), Hl,j^{X/S){r)) is iso- 
morphic to the cohomology of the following complex 

® F^'-P^'Hl.^iX/S) ^ ® F^-PH^^{X/S) ^ nl+l ® F^-P-'H^^{X/S). 
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Corollary 5.3. We recall that S = Spec{R). For integers r,!/ >0 there is a canonical isomorphism 

Vr>^{X/S) ^ Ext%,^^j,^{R{0),Hl^^''{X/S){r)). 

5.4- Arithmetic mixed Hodge modules. In the above construction, the Q-structure is not taken into account. 
The theory of arithmetic mixed Hodge modules remedies the defect and gives a refinement of the Mumford- 
Griffiths invariants. 

For a smooth variety X over fc, the category MHM(X) of mixed Hodge modules on X was defined by 
Morihiko Saito ([MSa3]). Let X{<C) be the set of C- valued points over k endowed with the usual analytic 
topology. An object of MHM(X), called a mixed Hodge module on X, is given by a triple (Kq, {M,F),l) 
satisfying certain properties, where Kq is a perverse sheaf of Q- vector spaces of finite rank on X{C), and 
{M, F) is a filtered Z?x-module which is holonomic and has regular singularities, and <- is a quasi-isomorphism 
(Riemann-Hilbert correspondence) 

DR{M) ~ ifQ (g) C with DR{M) = M(^k^x(C) [dim(X)] . 

(To be more precise, a mixed Hodge module is equipped with a weight filtration. Since it is not used in this 
paper, we have omitted it for the sake of simplicity. The reader may consult the brief exposition in [ASl] §2.) 
The category MHM(X) of mixed Hodge modules on X is an abelian category. For a morphism f : X ^ Y 
there are the standard operations /*, /i, etc., on the derived category of bounded complexes of mixed 
Hodge modules on X and Y. There exists a cycle class map 

Pi : CH^(X;Q)^Ext2jHM(x)(Qx(0),Qx(r)), 

where Qxir) is the Tate object in MHM(Ar) whose underlying perverse sheaf is Qx[dim(X)] (the constant 
local system with a degree shift) and whose underlying fx-module is Ox with the filtration given by 
F_rOx = Ox and F_r-iOx = 0. 

Let / : X ^ S* be a morphism of quasiprojective smooth varieties over k. The standard operations provide 
us with the Leray spectral sequence 

= Ext^HM(S)W5(0)'^'/*Q^W) ^ Ext^+HV(x)(fc(0).Qx(r)), 

where ii'/* : MHM{X) — > MHM(S') is the derived functor on the categories of mixed Hodge modules. 
The decomposition theorem for mixed Hodge modules implies that the spectral sequence degenerates at the 
£J2-term, provided / is proper. 

In what follows we assume further that / is proper and smooth. Letting 

^LExt^fflM(x)(Qx(0),Qx(r)) C Ext2jHM(x)(Qx(0),Qx(r)) 

be the filtration inducing the spectral sequence, we can show 

p^^{F^CW{X/S;Q)) C i^L^Ext^W(^)(Qx(0),Qx(r)) 

by the same argument as in [Sa3], Prop. (2-1) (also see the proof of Prop. 3. 7). Hence we get the induced map 

pY/s ■■ Gr^CH'-(X/^;Q)-Ext5:iHM(S)(Qs(0),i?''-'^/*Qx(r)). 

U S = Spec(i?), there is a natural functor 

r^jp : MRM{S) ^ MJ^{R) 
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which sends a mixed Hodge module to its underlying filtered Ds-module. We have rj^4jr(iQg(jn)) = R{m) 
and rMARy*^x{r)) = H'^^{X/S){r) and the map (j'x/s Proposition 3.7 coincides with the composite 
of p^x/s ^"^^ map induced by tmj^'- 

Ext^HM(S)(Q5(0),ii^'--V*Qx(r)) - ^^t'U:FiR){m),H^K''{X/S){r)) ^ Wr^'^iX/S), 

where the last isomorphism is given in Corollary 5.3. 

Let 7] : Spcc(C) ^ 5 be a fc-morphism and X^i = X Xs Spec(C) be the base change. Noting that 
MHM(Spec(C)) is the category MHS of graded polarized Q-mixed Hodge strucutres, r] induces a natural 
functor 

(5.4.1) rH,n ■ MHM(S') ^ MHS. 

It satisfies 

THA^sim)) = Q(m) and rj^,^(i?V*Qx(r)) = Q(r)), 
and the composite of p^^ with the map 

ExtLHM(S)(Qs(0),i?'''-V*Qx(r)) ^ Exti,Hs(Q(0),^f"'-'(^r,,an,Q(r))) ^ J'"(X^), 

coincides with the Griffiths Abel-Jacobi map for X^, where the first map is induced by rH,ri and the second 
map is Carlson's isomorphism ([Ca]). 

Remark 5.5 . As pointed out by one of the referees, the map induced by r^vijF into 'S/ J^'^ {X / S) functions as 
an infinitesimal invariant for the map induced by rH,n (as r] varies). For u > 1, rx^'s induced map serves 
as a "higher infinitesimal invariant" . 



MUMFORD-GRIFFITHS INVARIANTS 



21 



§6. A MAP FROM CYCLE CLASSES TO DE RHAM/MUMFORD-GRIFFITHS INVARIANTS 

In order to prove Theorem 0.4, we need cycle classes which capture cycles with trivial Mumford-GrifRths 
invariants. In this section we construct it by using the arithmetic cycle classes in higher extension groups 
in the category of arithmetic mixed Hodge modules. We then apply these ideas to to a particular setting in 
§7, by proving Theorem 7.2 below, which in turn implies Theorem 0.4. 

Let the notation be as in §5. Let f : X ^ S he a, proper smooth morphism of quasiprojective smooth 
varieties over k and let gf : S" — > Spec(fc) be the natural morphism. Recall the notation in §l(iv). For 
L e MHM(S') we have the Leray spectral sequence 

= Ext^^HM(Spcc(.))(^^(0),^''5*i) ^ Ext^+HV(S)(Qs(0),i) 

associated to the derived functor Rg^ : D^(MBM{S)) D''(MHM(Spec(A:))). Note that MHM(Spec(fc)) is 
identified with a subcategory of MHS via the functor rH,n (5.4.1) with t] : Spec(C) — > Spec(fc) induced by the 
natural embedding k ^ C, and Q(0) denotes the usual Hodge structure. Noting that Ext^jjj^^gp^^^^^^ = 
for p > 2, we get the short exact sequence 

^ Exti,HM(Spec(fc))(Qs(0),i?«-^fl*L) ^ Ext«,jjM(S)(Qs(0),i) ^ llOmMHS(Spec(fc)) (Q(0), i?''-'^*^) ^ 0. 

Apply this to L = R'^''~" f*Qx{r) S MHM(5) and we get natural maps 

TT : Ext^HM(S)(Q5(0),i?''^-V*Qx(r)) ^ A^'^iX/S) homum {Q{0), H'' {S/C, R^'^-'' m{r))), 

ker(7r) ^ E^'-'iX/S) := E^tl^siQiO), H^^-'iS/C, R-"^-- m{r))), 

where _ff*(5/C, i?^''~''/*Q(r))), the cohomology of San with coefficients in a local system, is endowed in a 
canonical way with a mixed Hodge structure by the theory of mixed Hodge modules ([MSal]). The composite 
of and TT 

(6.1) X'^-'^g : F-^CH'iX/S; Q) ^ A'^^{X/S) 
is given as follows. Let 

be the cycle class map. We have c'xiF^CWiX/S; Q)) c FI^H^''{X/C, Q(r)), (again, by the same argument 
as [Sa3], Prop. 2.1), where Fj^ denotes the filtration inducing the Leray spectral sequence 

= i?P(5/C,i?«/,Q(r)) ^ HP+^X/CQir)), 

which degenerates at E2 by Deligne's criterion ([Dc3]). Thus the projection to the graded quotient induces 

F^CW{X/S;Q) ^ H^iS/CR^^-^p^r)) 

which is identified with X^x'/s composed with K^'^{X/S) ^ H'^{S/C,R'^^~'^Pi,Q{r)), the natural inclusion. 
In particular we get the natural map 

(6.2) e^/s ■■ F^CB^X/S; Q) n CH[_(X; Q) - E^^^X/S) 
for which we have 

4/s(^s+'CH'-(X/S; Q) n CHL^(X; Q)) = 0. 
The reader can also consult [Le2] for the similar construction in terms of absolute Hodge cohomology. 
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Proposition 6.3. (i) Assume S = Spec{R) is an affine variety. There is an injective map 

which fits into the commutative diagram 

F^CIF{X/S;Q) '^''''^'"''i VDRT'''{X/S) 

where (f'x'/STiB. defined in (3.7.1). 

(ii) Suppose that S and X are projective, and U C S is an open affine subvariety over k. Then there is a 
map 

x/u 

which fits into the commutative diagram 



^Y/u ■■ ^''"(X/S) ^ Vr'^iXu/U) Ofe C, {Xu=Xxs U) 



F^Cir{X/S;Q) -J^^ vr^^iXu/u) 
A'-'-^ix/s) wr'''{Xu/u)®k'c 

Proof. Part (i). Recall the notation in §l(iv). The complex of holomorphic forms on S/C with values in 
B?^~'^ f^C furnishes a resolution of R^^"" f^,<C. Since S is affine, a variant of the Grothendieck Algebraic de 
Rham Theorem implies that H'^ {S/C, R'^'^~'^ f^C) can be computed from algebraic differential forms ([De2] 
(§6, pp. 98-99)). Specifically 

where the latter term is computed in the Zariski topology. Since S is afiine and O^^j. f*^x/s 
coherent, H'^(f2^^^ f*^*x/s) computed as 

ker (V : H°{S, Vl'i^^^ ® ^^"-'^ f^Q.'^^g) H^{S, VL'^+l ® M?'-'' f^VL'^^g)) 

which coincides with \/DR^'^[X/S) by definition (Def. 3.2). Thus we have 

A^'''{X/S) c H''{S/C,R^'-''fX) ^ VDR'^'^iX/S) 0^ C, 
which defines the injection A'-^'^iX/S) ^ VDR'-^'^iX/S) 0fc C. 
Part (ii). From the work of Deligne (see [B-Z]), the complex 
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computes F^H"{S/C, R"^^ This is in the strong topology, but using the second spectral sequence on 

hypercohomology given in [G-H] (p. 446): 

and the assumed projectivity of S, together with Serre's work (GAGA), the same result holds in the Zariski 
topology. Specifically, we get 

Next, by restriction there is a map 

^ ker (V : H'^jU, Q-^, ^ R^--/.n^^;-) ^ H^jS, ^ R^^-^ f.nfj-J-')) 

where the isomorphism uses the fact that U is affine. The last term is identified with V J^'^ {Xu /U) by Def. 
3.2. This gives rise to the desired map. □ 

It would be nice if one could have Proposition 6.3 (ii) without assuming X and S are projective. Indeed 
we will provide strong evidence in support of the following: 

Conjecture 6.4. Put 

K^iX/S) = Image(F^C7/r(X/5;Q) ^ A^'^^iX/S). 

Then, for any dense affine open U C 5*, there is a map 

^"x/u ■■ Kili^/S) ^ Vr'-{Xu/U) ®fe C, {Xu = Xxs U) 
which fits into the commutative diagram 

F^cir{x/S]Q) ^^^e/^ s/r^^iXu/u) 

AX(X/5) Wr'''{Xu/U) ®fe c 



Our approach to the above conjecture involves L^-cohomology techniques, where the case dim S = 1 has 
been worked out by Zuckcr (see [B-Z]). The story for dimS* > 1 is rather complicated, and is clarified to 
some degree in the Appendix to this paper. Indeed, the above conjecture is a consequence of other "very 
reasonable" conjectures. 

Choose a morphism r) : Spec(C) S whose image is the generic point and let AT,, be the base change 
via rj. By definition Xr, is proper smooth over C. Recall VJ'''''(A^) := \7 J''^" {Xn/C) and W DR''''' {Xr,) := 
VDR-'-'^iX^/C) in Definition 3.2. 
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Proposition 6.5. (i) There is a map 

which fits into the commutative diagram 

F^Cir{X/S;Q) A'-^'^iX/S) 

F^cir{x^;q) ^vr'"{Xr,)®k<c^ VDBr^''{Xr,)<S)kC 

In particular we have 

K,DR ° Cir{XIS; Q) n CHi,,^{X- Q)) = 0. 

(ii) Suppose that X and S are projective over k or that Conjecture 6.4 is true. Then there is a morphism 

Kil{x/s)^vr'-{Xr,)0kC 

which is compatible with the diagram in 6.5. In particular, we have 

C ° cir{x/s- Q) n cir^^^ix- q)) = o. 

Remarks 6.7 . The constniction of the map K^'^{X/ S) V J''''^(X^)(S)/cC, also appears in [Kel] in the special 
case where X = Y x S with Y, S GCk- In this case, for an affine open subscheme U C S,we have 

A'-^^X xs U/U) = homMHs(Q(0),i/''([//C,Q) ® H^''-''{Y/C,q)) ^ B.''{fl'u/k) F""" H^k" / k) <»k C 

= H-'iTiU, fi^/,)) ® F^-^H^-%Y/k) ®k C, 

via the comparison isomorphism H^^{Y/k) C ~ Jf*(y/C,C) and Grothendieck's algebraic de Rham 
theorem. One then applies the morphism 

H''{V{U, ni/^)) ® F^-^H^^^^{Y/k) <S>kC^ F^-'H^^^'^iY/k)) <S>k C. 

§7. Detecting nonzero classes with trivial de Rham/Mumford invariant 

In this section we take the base field fc = Q. Take X € C with dimX = d. For T G Cq with dimF = 1 
and S G C and ^ S CH''(r/C x S x X;Q), consider the cycle induced map 

(7.0) [C]* : H\T/C,<Q) H^'^^-^+\S,q) ^ H^'-''{X,Q). 

where ds = dim S. It is easy to see that 

K]* (iJi(r/C, Q) ® Q)) c H^'—'iX, Q) n F'—'H'^'-''{X, C). 

Now introduce: 

Definition 7.1. Write H'—'''-{X) = 0^^"^ . 
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(i) Define "'^{X) c '^''^{X) as the C-vector space generated by the Hodge projected images of [^]* in 
7.0, over all T e Cq 0/ dimension 1, and all S gC, and all (, G C/r(r/C x 5 x X; Q). 

(ii) For Xo G Cq, we introduce a variant H^"'^ {Xo/Q) C H^~'^''^{X) (X — Xo XqC^ of the above definition, 
where we only consider S gC^ and where we allow ^ e Cir{{T x S x X)/C;Q). 

For X e C we recall the maps (see (3.7.2) and (3.7.3)) 

fA'',DR ■■ Gr^p^CWiX; Q) ^ VDR''''{X) and f^" : C?r^^CH'-(X; Q) ^ VT'^iX). 

The main result is the following: 
Theorem 7.2. Assume C{X) (cf p (v)). 

(i) Ifu>2 and if H^'"''' {X) ^ 0, then there are an uncountable number of classes in ker((^^'^£)jj). 

(ii) Let X = Xo Xq C with Xo € Cq. If v > 2 and if H^'^'^{Xo/Q) ^ 0, then there are an uncountable 
number of classes in ker((^^'^). 

(iii) Assume Conjecture 6.4 is true. If v > 2 and if H^'^''^ {X) ^ 0, then there are an uncountable number 
of classes in ker((^^'^). 

Proof of Theorem. Since the proofs of (ii) and (iii) arc similar to and simpler than (i), we will just prove (i). 
By assumption, one can find F/Q, S and a cycle ^ G CH'"(F/C x S x X) such that the map 

(7.2.1) : H\r/C,C) H''-\S,C) O {H'^'—'{X,C)/F'—'+'^H^'—'{X,C)), 

is nonzero. Note that v > 2 implies dim 5 > 1, which will be exploited later. 

In what follows, for a Z- or Q-module H of finite rank endowed with a mixed Hodge structure, we denote 

J{H) = WoH C/{F°WoH O C + WqH). 

It is naturally endowed with a structure of a complex Lie group and for a morphism H — > H', the induced 
map J(-ff) — > J{II') is a homomorphism of complex Lie groups. We note that 

r{S xX) = J{H'^'-\S X X,Z){r)) 

and the canonical isomorphism due to Carlson for a Q-mixed Hodge structure H 

Consider the composite map 

$5 : CHi,go(r/Q) - J'(r/C) r{S xX)^ J{H^-\S,Z) ® H^^-^{X,Z){r)), 

where the last map is induced by the projection to the Kiinneth component. For dense (Zariski) open U C S 
let _ 

: CHi,go(r/Q) ^ .JiH''-\U,Z)®H^^-^{X,Z){r)) 

be the composite of $^ with the natural map 

J{H''-\S,Z) ^ H^'—'{X,Z){r)) J{H''-\U,Z) H^'-''{X,Z){r)). 
A key to the proof of Theorem 7.2 is the following: 
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Lemma 7.3. Under the above assumption, 

lim Image ($^,[/), 

i7CS 

has infinite rank. 

We now finish the proof of Theorem 7.2 assuming Lemma 7.3. We choose spreads of X and 5*: Choose M 
smooth over Q and proper smooth morphisms X ^ M and S ^ M such that for a suitable 77 : Spec(C) — » M 
whose image is the generic point, we have X xm Spec(C) ~ X and S Xm Spec(C) ~ 5 by the base change 
via 77. Correspondingly we have ^ e CH"" (Fx Af x m «5; Q) whose image under 

r)* : CH''(r xXxmS;Q)^ CH''(r x X x S;Q) 

coincides with ^. By [Ja], 7.2 (see also [Sa2], 5-1) one can lift the the Kiinneth components of the cohomology 
classes of the diagonal class [Ax] G H^'^{X x X,Q) (which are algebraic by C{X)) to 

Ax{i,j) e GB.'^iX XM A';Q)/f|i^]^CH'^(A' XmX/M;Q) {i + j = 2d) 

such that their restrictions to the fiber Xg for every s : Spec(C) M 

Ax. {i, j) e CR'^iX, X X,; Q)/ f| F^CR'^{X, x X,; Q) {i+j = 2d) 

ij.>i 

give a Chow-Kiinneth decomposition of the diagonal. Then wc can let Ax {2d — 2r + i',2r — v) act on ^ (and 
replace ^ by the result) without changing (7.2.1). This will ensure that ^ induces 

: CHi,go(r/Q) ^ F'^CW{X Xm5/5;Q) ^ Gr''p^CW{X Xm5/5;Q) 

and its image is contained in CHJ^qjjj(A' Xm <5; Q). By the construction in §6, this means 

(*) Image($|) C ^ev [Gr^p^CW {X XmS/S^Q) '^^'<"^/^-^", VDET^^iX XmS/S)). 

By construction, $j coincides with the composite of $| and the map (cf. (6.2)) 

F^^CWiX Xm5/5;Q) nCH[„^(A' Xm5;Q) l^^l^lIIl^E'^- XmS/S) 

:=Exti,Hs(Q(0), H-'-'iS/C, R^'-mir))), 

where / :A'xm»5— >»Sis the projection, and the map 

E-'-^iX XmS/S) ^ ExtiiHs(Q(0),if""'(5,Q)® if"-"(^,Q)(r)) = J{H''-^{S,Q) ^ H^'^-^{X,q){r)) 

which is the restriction via S ^ S /C induced by rj (Recall that 77 : Spec(C) M gives rise to rjc : 
Spec(C) M/C and S ~ S/C Xm/c Spec(C) by the base change via rjc)- Noting that ^^x^xmS/S annihilates 
F^+^CW{X X M S/S; Q)), Lemma 7.3 implies that the image of 

CHi,go(r/Q) ^ Gr'^p^CWiX Xm5/5;Q) ^ Gr^^CH'-(A' XmU/U;Q) 
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has infinite rank in the limit over any dense open j : hi ^ S. Identify a point p € S with a morphism 
p : Spec(C) S and let p : Spec(C) ^ <S be the composite of p and S ^ S induced by rj. Then the 
composite of p and <S — > M is 77 so that we have X X Xm S xs Spec(C) by the base change via p. If the 
image of p is the generic point, it induces the map 

p* : lim Gr-'p^CWiX XmU'M^ Gr^^CH'-(X; Q), 

uizs 

where U ranges over the dense open subschemes of iS, and it is injective by [Sa3], Rem.(2-1)(3). Therefore 
the composite map 

: CHi,go(r/Q) X Grl^CW{X Xm 5/5; Q) ^ Grl^CW{XM 

has the image of infinite rank and it is contained in ker(^jy^^) by (*) and Proposition 6.5. Noting that 
coincides with 

CHi,go(r/Q) - CHi,go(r/Q) ® CHo(5;Q) ^ Gr^p^CW{X-q) 
where the first map sends a e CH^ggQ(r/Q) to a (g) [p], we have thus shown that the image of 

: CHi,go(r/Q) ® CHo(5;Q) ^ Gr^p^CW{X-q), 

is nontrivial and lies in ker((/)^'^^^). Thus for suitable P — Q G CH^^gQ(r/Q), we have a nontrivial cycle 
induced map 

CHo(^;Q) ^ kev{4>Y,DR) C Gr^^ CH'" (X ; Q). 

This induces a nontrivial composite map 

A : 5 CHo(5/C;Q) ^ keii^'^^^j,) ^ GrJ^^ CH'^(X; Q), 

whose image by an easy argument using dim 5 > 1, is more than a point. The standard arguments in the 
theory of Chow varieties imply that the fibers of A are c-closed (countably closed). I.e. the fibers of A are 
countable unions of proper subvarieties of S. This is the import of the theory in [Rl-2], (also cf. [Schl]), and 
it basically hinges on Lemma 7.4 below. Thus if the image of A were countable, then S would be a countable 
union of proper subvarieties. This is impossible by Baire's Theorem, which completes the proof of Theorem 
7.2. □ 

Lemma 7.4. Let X gC and Y be a projective variety over C, and assume given a cycle induced map 

k:Y^ Cir{X;Q). 

Then K-^{F^Cir{X;Q)) is a c-closed subset of Y . Furthermore, if k{Y) C F^C'ir(X;Q), then the fibers 
of the induced map Y Gr^^ CIF{X; Q) are c-closed. 

Proof Omitted. □ 

Now we prove Lemma 7.3. 
Sublemma 7.3.1. Consider the map 

: H\T/C,Q) ^ H''-\S,Q)^H^''-''{X,q) 
induced by (as in eqn. (7.2.1)). Then its image is not contained in 

NjjH''-\S, Q) ® H^'—'iX, Q) + H'^-^S, Q) ® TV^-'^+iif^-— (x, Q), 
where we recall NfjH*{X, Q) is the largest subHodge structure ofH*{X, Q) lying in FpH*{X, C)r\H*{X, Q). 
Proof of Claim. Obvious. □ 
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Sublemma 7.3.2. The image of 

ji(r/C) r{S X X) ^ J{H''-\S,Z) H'^'—'{X,Z){r))) J{H-'-\U,Z) O if2'-^(X,Z)(r))) 
is nonzero. 
Proof. Recall that 

JiW'-^S, Z) O H'^'—'{X, Z)(r)) = \//L 

with 

V {H^-^S, C) O H'^^-'{X, C)) /F'-{H''-\S, C) O H'^'—'{X, C)) 
and L C V a lattice. Wc observe that 

By the assumption (cf. (7.2.1)) the image of J\r/C) ^ J^^iS x X) J{H''-\S,Z) ® H^'—'{X,Z){r))) 
is nonzero. By Sublemma 7.3.1 it now suffices to show that the kernel of 

J{H-'-\S,Z) (3 H^''-"{X,Z){r)) J{H"-^{U,Z)<S)H^''-''{X,Z){r)). 

is contained in the image of 

J{NIjH-'-\S,Q) ^ H^^-''{X,Q)) + J{H''-\S,Q) n;j+^-'h^^-''{x,q)). 

Indeed one has a surjective map 

H-'-^S, Q) ® H^--'{X, Q)(r) ^ W,-iH''-\U, Q) ® H^''-'{X, Q)(r), 
whose kernel is contained in N}jH'^~^{S, Q) (g) H'^^~'^{X, Q)(r). Correspondingly the kernel of 

J{H''-\S, Q) ® H^'-^iX, Q)(r)) ^ J{W,.iH''-\U, Q) ® H^'-''{X, Q)(r)) 
is contained in the image of J{NjjH''~^{S,Q} (g) H^'^~''{X,Q)). Next, there is a short exact sequence 

^ GrO, {H'^-HU, Q) H''--"{X, Q) (r)) ^ 0. 
Taking global ExtMHS, it gives us the exact sequence 

homMHS (Q(0), Grlr{H--\U, Q) H^^-^iX, Q)(r))) ^ 
j{W,.iH''-\U, Q) Q)(r)) ^ J{H''-\U, Q) iJ^'— (X, Q)(r)) . 

Hence it suffices to show that the image of the first map is contained in 

J{W^-^H''-\U, Q) N^+^-''H^--''{X, Q)(r)) . 
We have a short exact sequence 

^ W,-tH"-\U,q) N'+^-''H'''-\X,q){r) ^ Wo{H"-\U,q) N'+^-''H'''-\X,q){r)) 
^ C?r°.(if^-i(C/,Q) 7V^+^-"'F2''-''(X,Q)(r)) ^ 0. 
Moreover, by using the fact H''~^ {U,C) / F^'^^ = iov p > v — 1, one sees that the natural inclusion: 

hoiiiMHS (Q(0),Gr^(H--i(t',Q)®W^+'-'-f/2r-.(X,Q)(r))) c homMHS (q(0) .Grgj, (H— i (i7,Q)0H2'-'' (X,Q)(r))) , 

is an equality. Finally the desired assertion follows from the commutative diagram: 

homMHS (Q(0),GrO,(H— i(!7,Q)(8iJV]j+i-'i?2'--.(X,Q)(r))) ^ j{w..iH—^{U,q)®N;+^-' m'—'{X,Q){r)) 
II i 
homMHS (Q(0),Gr?^,(i^''-l(^7,Q)(8li^^'— '(X,Q)(r))) ^ j(w^„_ii?''-i(!7,Q)(8)H='— '(X,Q)(r)) 

□ 

In order to complete the proof of Lemma 7.3 we need the following key result. 
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Lemma 7.5. Let W be an Abelian variety over Q, and suppose that W/C contains an Abelian subvariety 
V over C. Then W contains an Abelian subvariety over Q of dimension = dimV. 

Proof. Construct a Q-spread 

V ^ M xW 

\ / 
M 

where M, V are defined over Q and there is rj : Spcc(C) M whose image is the generic point of M, such 
that V Xm Spec(C) ~ V. Let s G M(Q) be a general choice of closed point. Then the desired Abelian 
subvariety of W is given by Vg. □ 

The following is probably well-known, but is an immediate consequence of Lemma 7.5. 

Corollary 7.6. W/Q is simple W XqC is simple. 

Now we complete the proof of Lemma 7.3. Notice that CHjj,gQ(r/Q) has the structure of an Abelian 
variety over Q. By Sublemma 7.3.2 and Corollary 7.6 together with Poincare's complete reducibility theorem, 
there exists a simple Abelian subvariety A/Q, C CHjggQ(r/Q), for which the composite 

A/C ^ CHi,go(r/C) ~ J\TIC) ^ J{H"-\U,-L) ® H^^-^{X,'L){r)) 

is an isogcny onto its image. Now Lemma 7.3 follows from the fact that A(Q) has infinite rank ([F-G]). 

Example 7.7 . Let X = C y. C, where C is a smooth projective curve defined over Q. In this case C{X) 
trivially holds. Let 

[Ax]= [^x{p,q)] & H\XxX,q) with Ax(f>, 5) G CH2(X x X; Q), 

p+q=i p+g=4 

be the Kiinneth decomposition of the diagonal X ^ X x X . Using the notation in Theorem 7.2, we take 
T = S = C and r = u = 2 and ^ = Ax (2, 2). Let 77 be the generic point of C and take P, Q G C(Q). Noting 

Ax,* = Ax(0, 4)* + Ax{l, 3)* + Ax{2, 2), on CB.\X; Q), 

we get 

{{P-Q)xr]) = {P-Q)xr]- Ax (1, 3)* ((P - Q) x r?) . 

Next, we expand Ajc (1, 3) in terms of the diagonal Ac of C ^ C x C. Fix a rational point O € C(Q). Let 
T:CxCxCxC^CxCxCxC be the map given by T{ti, i2, is, t^) = (ii, is, t2, t4). Then 

Ax(l,3)*((P-Q)xr?) = [T*{C X O X Ac + Ac X C X 0)]^{{P - Q) X T]) 
= [T*{Ac xCx O)] -Q)xrj) = iP-Q)xO. 

Thus we get 

mP-Q)xr])={P-Q)x{rj-0), 

which is the cycle that was studied earlier by A. Rosenschocn and M. Saito [RS], and later by Matt Kerr 
[Kel]. It should be pointed out that their results about a given 0-cycle satisfying a certain condition, are 
more specific than what is presented here. 
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§8. A CLASS OF EXAMPLES WITH TRIVIAL MUMFORD-GRIFFITHS INVARIANT 

We first recall that if V, We Ck, then ([Kl]) 

B{V) + B{W) => B{V X W). 

Another fact that we use is the following. Let m = dim W, and assume that j : V ^ W is of dimension 
i, being the cutout ofW hy m — £ hyperplane sections. By the Lefschetz theorem, j* : H^{W) ^ H^{V) is 
injective. Then B{W) => B{V) and the surjective left inverse 

(f)-' ■.H'{V)^H'{W), 
is cycle induced. Indeed, one checks that 

J* of = L^-' : H\W) ^ H^^-\W), 

where Lw is the cup product with the polarizing class. If A^~^ is the inverse to , then we obtain 

= AJ^~^ o from the formula 

(i*) o f = A--^ o o j* = A^-' o L™-^ = Identity. 
The following diagram makes the above construction transparent: 

H^{V) h H^"'-^{W) i Identity 
(j.)-i \ I i A™"^ 

Lemma 8.1. (i) Let X, Y E C and F G Cq with dim A = d, dimF = 1. dimK = d — 1. Assume that B{Y) 
and C(A) hold. Further, suppose that we are given a dominating morphism 

A : Fc X y ^ A, 

such that the induced map 

iJ°'i(F/C) O iJ°''^-i(y) ^ ifO'-'CA), 
is nonzero for some integer u>2. Then H^"''^{X) ^ for v <r <d. 

(ii) Further, if X = A^ x^C and Y = YoX^C with Ao, Yo G %, then i?^""'''(Ao/Q) for v <r <d. 
Proof. We only prove (i). The proof of (ii) is similar. The hard Lefschetz isomorphism implies that 
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is injectivc. Now let S be a smooth cutout oiY hy d — ly hyperplane sections, where dim 5 = v—l. By what 
we said in the beginning of this section, there is a nontrivial cycle induced map 

H°'\T/C) O H^'-'-^S) H'—''''{X). 

More explicitly, by the above discussion, the cycle inducing this map is given as follows: Let Ap be the 
diagonal of F in F x F. If j : 5* ^ F is the inclusion, and if we identify a map T* with its associated 
correspondence {T*}, then the cycle is 

C := L^^-" o {A.} o ('/prl3(ArJ .Pr;4(A^-'' o ) e CH'-(r/C xSx X;Q). 

This gives a nonzero element of H^"'^ {X). □ 

By Theorem 7.2, we arrive at the following: 

Corollary 8.2. (i) Let the assumption he as in Lemma 8.1(i). Then, for v < r < d, Grp^Cir{X;Q) 
contains an uncountable number of classes with trivial de Rham invariant. 

(ii) Let the assumption be as in Lemma 8.1(ii). Then, for v < r < d, Grp^CIF{X;<Q) contains an uncount- 
able number of classes with trivial Mumford- Griffiths invariant. 

Corollary 8.3. Let Xg e Cq of dimension d, and write X = Xg Xq C. Assume given smooth curves 
Fi/Q,... ,Fd/Q and a dominating morphism 

Fi X • • • X Frf ^ Xo. 

FuHher assume that C{X) holds. IfH"{X, rj^^-) ^ for some v>2, then for u < r < d, Gr^p^ CW{X; Q) 
contains an uncountable number of classes with trivial Mumford- Griffiths invariant. 

Since any Abclian variety is dominated by a product of curves, we arrive at the following: 

Corollary 8.3. Let Xg he an Abelian variety over Q, of dimension d and write X = Xg XqC. . Then for any 
2 < v < r < d, Grp^ CLr{X; Q) contains an uncountable number of classes with trivial Mumford- Griffiths 
invariant. 

One can also arrive at similar results for Fermat hypersurfaces, using the fact that they are dominated 
by products of Fermat curves by [KS] . 
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Appendix: A conjectural overview 

Wc would like to convey our thoughts about the possibility of a map from the space of algebraic cocycles 
A^jg(X/S') to the space of Mumford-Griffiths invariants V .V'^ {X / S) ® C, where p : X ^ S \s a. smooth 
proper morphism of smooth quasiprojective varieties over Q. In a nutshell, we believe that it ought to exist. 
We base our observations on the situation with intersection cohomology considerations, and the various 
conjectures in the literature that seem to imply this. 

(I) The issue is whether there is a map from 

K'^^X/S) := homMHs(Q(0),ff"(5,i?2--p^Q(,.)) c H\S,R''''-" pX) 

at least on the space of algebraic cocycles A!^'[g(A/5), (which is Hodge conjccturally all of hJ'''^ {X / S)) to the 
space of Mumford-Griffiths invariants \/J^'''{X/S) (S) C. As already explained in §8, if there is such a map, 
and if S is afHne, then such a map must be injective. This is because, for S afBne, the de Rham invariants 
S/DW'''{X/S) ® C compute H^iS, R^"-" pX), and the inclusion of A'^'^iX/S) in the de Rham invariants 
factors through the map to V,r'"{X/S) <S> C. 

Whether or not there exists a map to the Mumford-Griffiths invariants, we can still say that for S affine, 
there is always a map 

VJXiX/S) - AJ^{X/S) c A^'-^{X/S), 

where VJ[i'g(A/5) is the image of F^CWiX/ S;Q) in S7 J"-^" {X / S) . One simply deduces this from the 
commutative diagram below, where is injective. 

F''CW{X/S;Q) A'-'''{X/S) 

V J'''''(A/5) ^ VDR'-'^iX/S) ® C 
The question then is, in more precise terms, is the following. 

Question A.O. For S quasiprojective, does there exist a map going the other way, viz., 

AX{x/s)^vr'-'{x/u)^c, 

where U/Q C S is any affine open subvariety? [Note: If S = U is affine, then this map must necessarily be 

injective, if it exists.] 

(II) Enter intersection cohomology: We work with this diagram: 

X ^ X 

pi Ip 

s ^ s 

where Y := X\X, S := S\S are NCD's, p is smooth and proper, and X, S are smooth projective over Q. 
We recall a conjecture of Zucker and Brylinski. First, let V = i?"*p*C over S. Put 

g' = {ge n^ilogE) ® V I Resf;^5 e NjV}, 

where V is the privileged extension of the bundle associated to V over S to S (see [B-Z] p. 63 for the 
definition of V), and Nj for a multiindex J corresponds to monodromy. (See (III) below for a definition of 
the MHS V.) All terminology in the conjecture below can be found in [B-Z]. Then according to [B-Z], "We 
suspect that the means are available to verify: 
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Conjecture A.l. ([B-Z](3.19)) The complex Q* together with the [Hodge] filtration induced from (3-8) [of 
[B-Z]y, completes [the middle perversity cochain complex] IC'(S,Y a) to a cohomological A-Hodge complex 
of weight m, such that the Hodge structure it gives on IW{S,Y) coincides with that of (3.16) [of [B-Z]/. " 

For the benefit of the reader, we will clarify the statement of Conjecture A.l. First of all, we make use of 
the identification from [C-K-S2], IH''{S,Y) ~ -ff^2)('^'^)' where the former is intersection cohomology and 
the latter is L^-cohomology, which has a pure Hodge structure by [C-K-S2]. This defines the Hodge structure 
on IW(S,W). (Alternatively, one has a Hodge structure on IW(S,W) from the work of M. Saito ([MSal].) 
The privileged extension V has corresponding Hodge filtration subbundles CV, which together with the 
monodromy weight filtration, determine a MHS on the central fiber V. One has a corresponding filtered 
subcomplex J^pQ^ c G'', where we observe that J^pQ^ c n^(logE) ig)^^ \ where the latter sheaf is coherent. 
The import of Conjecture A.l is that 

F*IH*(S,Y) ~ H*(JP*e;*). 

Note that 



s 



Thus an immediate consequence of this conjecture (with m = 2r — v and p = r — v) is the existence of a 
map: 

(A.2) {Hl2){S, R^"-" pX)Y''' ^ vr'^ix/u) ® c, 

where again U/Q C S is any affine open subvariety. 

Remark A.2.1 . It would be nice if one could arrive at and prove an analogous conjecture for H"{S, B?'^~'' p^C). 

(ni) Relating this to the original problem: We will now assume given our map in (A.2) above. Note that 
there is a natural map 

Of course, in light of [A], one conjectures this to be a morphism of mixed Hodge structures. Using norm 
estimates on the weight filtration that arise from the work of [C-K-Sl], one argues that: 

Proposition A. 3. There is a natural map 

H-'(S,j,R^'^-''p,C) ^ H^^^iS, R^^-^pX). 

Proof. It suffices to construct a map: 

H^{S,j.R^'-''pX) ^ IH^'iS, R^'^-'^pX). 
Let IC*(<S', V) be the middle perversity intersection cochain complex, where V = i?^'"~''p*C. Then 

/i?''(5,V) := m''{lC'(S,Y)); 
The "first" hypercohomology spectral sequence ([G-H]) computing WilC'iS^Y)) contains the i?2-term: 



'E^'^ := H''{S,H°{IC'{S,Y)). 
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Therefore, if there is a natural map 

r: j,V^H°(/C:*(5,V)), 
this, together with partial degeneration, leads to maps: 

H^iSJ.Y) ^ 'E^^° ^ 'E^° ^ IH''(S,Y), 

and hence Proposition A. 3. To construct r. by passing to a finite cover of S, one can assume that the 
local monodromy transformations about the NCD E C 5 are unipotent. In a classical neighbourhood 
Uan n 5 ~ (A*)™ X A'^™'^"'". There is no loss of generality in deleting factors A. Thus we may assume 
the local description Uan H S' ~ (A*)™. Let Tj, j = 1, ... ,m be the local monodromy transformations, 
and put Nj = logTj. Let V = C's(V), and V the canonical extension over A"*. The stalk of V over 
:= (0, . . . 0) e A™ will be denoted by V. Put 

(iVi, . . . , iV„; F) = Nj.Nj, . . . Nj^V. 

l<ji<---<jp<m 

Define the differential 

i-iy-'Nj^ : % • • • A^,- • • • - Nj,N^. ■ ■ ■ Nj^V, 

on the various summands of Bp~^{Ni, . . . , Njn', V). This turns B'{Ni, . . . , Njn', V) into a complex. It is well 
known ([C-K-S2]) that 

H^2){Uan,'V)c^H*{B'{Ni,... ,N„,;V)) :^IH*{Uau,Y) = {n*{IC'(S,Y)))o. 
The existence of r follows by noticing that the invariant cycles include 

□ 

Using the natural map R'^'^~'^p^C — > j*R'^^~" p^,C, together with Proposition A. 3, we deduce: 
Corollary A. 4. There is a natural map 

In light of the mixed Hodge structure results in [A] , it is natural to expect the following. 
Conjecture A. 5. The map in A. 4 is a morphism of MHS. 

Notice that H'^{S, R'^^~''p^C) is the E2 term of the Leray spectral sequence for p. 
Corollary A. 6. Under the assumption of Conjecture A. 5, there is an induced morphism of Hodge structures: 

where Gr'^H'^'^{X,C) is the graded Leray filtration. 

Proof. To see this, observe that H'j^^-^{S, R^''^'^ p^C) has a pure Hodge structure of weight 2r, and that by 

[A], HP{S, R'^p^C) has a mixed Hodge structure of weight < p + q; moreover the differentials of the Leray 
spectral sequence are morphisms of MHS (see [A]). Granted we accept Conjecture A. 5, it follows that the 
composite 

H''-^(S,R^'—'+'^p,C) ^ H''(S,R^'-''p,C) -> H'(^^{S,R^'-''pX). 
is zero. Applying this same reasoning to the d^s for r > 3 leads to Corollary A. 6. □ 
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Corollary A. 7. Let us assume that Conjectures A.l and A. 5 hold. Then for U/Q C S affine, there is a 
map 

{*) {GriH'^''(x, C)Y''- vr^^ix/u) ® C. 

It is natural then to ask whether one can replace X in (*) by XI The answer appears to be yes, provided 
that one restricts to algebraic cocyles. The reason is this. Notice that by purity of Hodge structures, and 
polarization, Gr^^H"^^ {X ,<C) C ff^'"(X,C) as Hodge structures. Let's assume the Hodge conjecture for Y. 
More specifically, if we write the NCD Y in the form Y = (J^- Yj , where Yj is smooth, then we are assuming the 
Hodge conjecture for each Yj. Then the kernel of H'^[^{X) H^^{X) involves algebraic cocycles supported 
on Y. But any algebraic cycle supported on Y goes to zero in CH''(X). We want to make this more precise. 
We need the following. 

Lemma A. 8. Consider the composite of the natural maps 

where the first map is the restriction and the isomorphism comes from the degeneration of the Leray spectral 
sequence for p : X ^ S. Note that it is a map of Hodge structures and hence induces the map 

GrlH''^(X,q) ^ W2r/f"(5,i?2'-V.Q) = Gr^if''(5,i?2'-->.Q). 

Then the last map is a surjective morphism of HS. 

Proof. First of all, by [A], the weight of II'^{S, B?'^~" pt,Q) is < 2r. Hence by duality, the lowest weight space 
of H^iS, i?2'-'-'p^Q) is 2r. That the above is a morphism of MHS is the import of [A]. This, together with 
cohomology with compact supports yields the exact sequence of MHS: 

Since F ^ E is a morphism of projective varieties, the weight of H'^~^ {T,, R'^^~'' p^,Q) is < 2r — 1. Thus we 
have the inclusion 

Gr^^H^{S,R^''-'p,q) ^ Gr''^H"{S,R^'-"-pM- 

By compatibility of Leray spectral sequences together with a weight argument similar to the proof of Corollary 
A. 6, this induces an injection: 

Gr%H'^{S,R^^-''p,q) ^ Gr^^Gr''^H^''(X,Q) = GrlH^"- {X,^X)- 

The Lemma A. 8 now follows from duality. □ 

Corollary A. 9. (i) For all v>Q, the kernel of t in Lemma A. 8 lies in the image 

{Hl'{X,Q)+Fl+^H^-{X,Q)} ^ H^'-iX^Q). 
(ii) For all y>Q, the natural map 

F^H^^{X,Q) ^ W2rF^H^-{X,Q), 

is a surjective morphism of HS. 

Proof Part (i): If ^ e F^H'^''(X,Q) restricts to a class in F'^+^ H'^'' {X . Q) , then by a repeated apphcation 
of Lemma A.8, one can find e F^+^ H'^'' (X , Q) such that ^ - ^' restricts to zero in H'^''{X,Q). This 
implies part (i). The proof of part (ii) is again a repeated application of Lemma A.8, and will be left to the 
reader. □ 

We now arrive at the following: 
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Theorem A. 10. Let us assume that Conjectures A.l and A. 5 hold, and that the Hodge conjecture holds. 
Then Question A.O is answered in the affirmative. 

Proof. We have a commutative diagram 

CWiX) CW{X) 

H^-(X,Q{r)) -> H^^{X,Q{r)) 

u u 

F^H^-(X,Q{r)) ^ F^H^-{X,Q{r)) 

where and c^ are the cycle class maps. One can show that Cx{Fj^CW {X/ S)) C F^H^^{X,Q{r)) by the 
same argument as [Sa3], Prop. (2-1) and that A^^^ is identified with the composite map: 

V : FI^CB^X/S) ^ F^H^-{X,Q{r)) ^ H''{S,R^''-'p,q{r))- 

Our aim is to construct a natural map Image(V') — > WJ^'"{X/S) C by using the map (*) in Corollary A. 7. 
Put _ 

Ml \ D 5 (c^)-^{F''^H^'^{X,Q{r))r^H^''{X,CY'''') H {3*)-\F^CW {X/ S)), 
where j* : GW{X) CH'"(X) is the restriction. We have the following commutative diagrams: 

S ^ F^CW{X/S) 

F^H^^{X, Q(r)) n H^^{X, CY'^ ^ H''{S, R^^-" p,Q{r)), 



S ^ F^CW{X/S) 

F^H'^'-(X, Q(r)) n iJ2r(X, C)'-''' Vr'^iX/S) 
i i 
GrlH'^'-{X,CY^'- vr^"{x/s)®c, 

Assuming the Hodge conjecture for the irreducible components of F, Corollary A. 9 (i) implies that the kernel 
of r in the former diagram is contained in the sum of F]^+^H'^''{X,^{r)) and the image under of the 
subgroup of CH''(A) of the cycles supported on Y, which goes to zero under the restriction j* . Hence, by 
a diagram chase and Hodge conjecture for c^, to construct a natural map Image(V') VJ'^''^{X/S) (g) C, it 

sufiices to show the surjectivity of E FI^CW{X/S). 
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Let a e F^CW{X/S), and consider its image [a] := d^ia) e W2rF;^H'^'-{X,Q{r)). By Corollary A.9 (ii), 
there exists 



which restricts to [a]. Next a is the restriction of a class a G CW{X; Q). Put [a] = c^(q;). Thus 
[a] - R e ker (if2'-(X, Q(r)) ^ ^^^(^^ q^^)-,) ^ ^2r(x, C)'-'^ 



and hence by the Hodge conjecture, [a] — [a] = c^(/3), where € CH'"(X) is an algebraic cycle supported 
on Y. Notice that 

(a-p) =aeF!^CW{X/S), 

X 

as any cycle supported on Y goes to zero under the restriction j* : CW{X) CW{X). Furthermore 

which proves the desired assertion. □ 

Recall from §8 that in the case where S is affine, the composite 

A'fgiX/S) ^ VJ'''"(X/5) C ^ VDR-'^X/S) ® C, 

is injective.^ Thus the somewhat surprising conclusion from all of this, and from a conjectural point of view, 
is that with regard to space of algebraic cycles, one loses no information by passing from Mumford- Griffiths 
invariants to de Rham invariants. Thus in particular, this would enable us to replace classes with trivial de 
Rham invariant, by trivial Mumford-Griffiths invariant in sections 7 and 8. 

Finally, in the case dim 5 = 1, Theorem A. 10 holds without any conjectural assumption. By [Z], one has 
morphisms of MHS: 

Gr]:H'^''{X,C) = H\S,R'^''-'^pX) ~ H\S,j^R'^'-'^pX) ^ H^{S,B?'-'' p^C). 
Note that H^{S, R^'-^p^C) = if 5 is affine. 



^Warning: The natural map VJ^''^{X/S) — > DW'^ {X/ S) is not injective, as one can clearly see from the product case 
X = XoXS. 
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